We present a method for the calculation of the low frequency vibrational modes and frequencies of viral capsids, or other large molecules, where the modes are modeled with atomic detail. Extending ideas from electronic structure theory, an energy functional is used to find modes of a classical dynamical matrix below a fixed (pseudo-Fermi) level. The icosahedral satellite tobacco necrosis virus is modeled as an example. We find that atoms around the C5 and C3 axis have small relative displacement while the sheet body shows gliding motion.
Viruses are a major threat to both public health and to agricultural production. They are responsible for many diseases that inflict harm or death in the human population and also infect plants and animals damaging cultivated plants and livestock. Viruses protect themselves with a protein coat (capsid) that has a well-defined structure. They are the smallest living creature and the capsid encapsulates the genetic material inside. Chemotherapies (drugs) may interfere with the virus life-cycle after infection, but the host may suffer harmful side effects. Rapid mutations often quickly render a drug ineffective.
Attacking the virus through mechanical means to produce damage is an attractive proposal which is just beginning to be considered. It has been suggested [1] that the AIDS virus can be attacked with 10 GHz (0:3 cm ÿ1 ) high frequency ultrasound or hypersound excitation. Another means [2] has recently been proposed using impulsive stimulated Raman scattering (ISRS) with visible light [3] . Novel potential therapies based on mechanical resonance can best be advanced if a detailed picture of the viral capsid vibrational patterns and frequencies are understood. We provide an atomic level description of mechanical vibrations of a model virus, the satellite tobacco necrosis virus (STNV), and identify Raman active modes that can be excited by ISRS excitation.
A viral capsid is a large molecule consisting of one or more protein units that are arranged in either a helical (tubular) or icosahedral (spherical) fashion, with many viral capsids being icosahedral. The total number of atoms can be enormous (10 5 -10 6 atoms), even for small capsids. This illuminates the central problem of a fully atomistic normal mode analysis (NMA)-the memory required to store the force constant matrix and the time required to diagonalize it quickly make it unfeasible.
Methods used to study the normal modes of viral capsids include continuum elastic theory (CET) [4] , elastic network models (ENMs) [5] , and the rotation translation block method (RTB) [6] . These models vary in their description of individual atomic motion ranging from none (CET) to a coarse grained description (ENM and RTB model). Prior NMA of viral capsids have used coarse graining with group theory for the icosahedron [7] , or have only considered rotations and translations of each protein unit (treated as a ridged block) [6, 8] .
We solve for the normal modes using a full basis set (i.e., the eigenvectors are constructed from the full Cartesian space of 3 degrees of freedom for each atom and thus will give the correct individual atomic displacements) and use an iterative method where only the operation of the dynamical matrix (D M ÿ1=2 FM ÿ1=2 ) on a vector is required. Here F is the force constant matrix and M is the diagonal mass matrix. The F matrix is sparse [9] and its operation on a vector can be calculated in Order (N) steps where N is the number of atoms in the molecule.
Our basic strategy is to use techniques from electronic structure (ES) theory which require states below a Fermi level. In ES problems, a few (perhaps a hundred) occupied states are required, but there are many more (perhaps many thousands) of unoccupied levels that do not affect the total energy. The ''band-structure'' energy G (neglecting spin) is given by G P i i , where the sum is over occupied (lowest lying) electron orbital energies satisfyingĤ i i i . An expression for G is
where f is the Fermi function, fĤ; 1=e Hÿ 1, and the trace is over any complete basis and is invariant to the orthonormal basis used. At low temperature f; is 1 (occupied) or 0 (unoccupied) depending on . This form for G is not often used in practice because the Fermi function acting on a general state is difficult to compute. Instead an energy functional is introduced and is minimized with respect to the occupied basis states. The connection of the ES problems with the low frequency viral vibrational problem should now be clear. We consider the M lowest frequency vibrational states to form an ''occupied'' subspace. The problem of finding the M lowest frequencies (eigenvalues) and eigenvectors of the dynamical matrix D can be recast as the minimization of an effective band-structure energy G. The minimization pro- 
The American Physical Society ceeds through a set of M vectors ju i i, which are initially chosen at random and need be neither orthogonal nor even normalized. Several choices for G exist [10, 11] and deep connections between forms is evident. We choose perhaps the simplest functional of Ordejon-Drabold-Martin-Grumbach (ODMG) [10] ,
The ODMG functional produces the correct global minimum and the desired orthogonality for the M lowest frequency states. The ''Hamiltonian'' H and overlap S are M M matrices with elements given by H ij hu i jDju j i and S ij hu i ju j i. After minimization, the vectors ju i i are not eigenvectors but are a complete orthonormal set spanning the space of the lowest states ofD. The true eigenstates are easily obtained by diagonalizing the small M M matrix equation, HC SC. The eigenvector jei for eigenvalue is jei P i C i ju i i. To guarantee that the ODMG functional, [Eq. (2)], has the correct global minimum, the spectrum ofD must be entirely negative. Thus we redefine H as H ij hu i jD s ju j i, whereD s D ÿ LÎ is the shifted dynamical matrix and L corresponds to the largest eigenvalue ofD. The largest eigenvalue is calculated with a few (10) Lanczos recursions withD operating on a random vector.
The energy functional Eq. (2) is minimized using the conjugate gradient (CG) method of Pollak and Riberi [12] . The necessary gradient at step n,
is used to form the CG search direction jp n k i. By operatinĝ D s on the CG search directions, the vectors ju i i andD s ju i i can be iteratively updated,
The line minimization is performed analytically by requiring the new gradient to be perpendicular to the old search direction, which yields a cubic equation for n . This CG procedure requires M dynamical matrix operations per step and a storage of 5M vectors. The density of states is small at low frequencies and we find that for molecules with N 10 4 , M 100 is usually sufficient to find all eigenvectors with ! < 30 cm ÿ1 and a storage requirement of roughly 114 MB (double precision). We now discuss results for the NMA of STNV. Atomic coordinates were obtained from the protein data bank (2BUK), which were determined from x-ray crystallography [13] . STNV is a naked capsid (i.e., lacking a lipid membrane envelope) icosahedral T1 virus having 60 copies of each unit. A unit contains a single protein, 158 water molecules and 3 Ca 2 (Fig. 1 ) totaling 3324 atoms. Group theory for the icosahedron was used to reduce the full problem to five smaller problems related to the irreducible representations (irrep.) of the icosahedron (A, T1, T2, G, and H) where the matrices have sizes of 9972, 29916, 29916, 39888, and 49860, respectively.
The AMBER 6 [14] classical force field with generalized Born (GB) Coulomb interactions [15, 16] was used to energy minimize STNV and calculate the dynamical matrix operating on a vector. The GB interactions included neighbors within 10 Å . The GB and van der Waals parameters for the Ca 2 ions were obtained from Babu et al. [17] . Although interactions with genetic material and explicit water were ignored, the methodology is adaptable to incorporate these interactions. The methodology is also capable of using other potential energy models.
A single unit of 2BUK was energetically minimized while enforcing group theory, stopping when the rms force was <0:001 eV= A. The root mean square deviation between the optimized structure and the x-ray structure was 0.7 Å . This minimization procedure is consistent with other work [18] . Since the rms force was not exactly zero, negative eigenvalues ( ! 2 < 0) can and do appear. Analysis of these negative vibrational modes show that they are localized on a few atoms, usually a ''dangling'' side chain or a single water molecule, and their frequency is small in magnitude (<13 cm ÿ1 ). We ignore them in what follows as none appear to be physically relevant.
Equation (2) was CG minimized using coordinates from the optimized structure for 100 vectors (M) in each irrep. Minimization continued until all residual vectors (jr i i Dje i i ÿ i je i i) had magnitude less than 10 ÿ3 . The vectors je i i are the approximate eigenvectors ofD and i he i jDje i i are the approximate eigenvalues. All calculations were performed on a single Intel Xenon desktop processor, with 2 GB system memory. For each irrep., the number of CG steps was of order 10 3 which for M 100 required approximately 10 5 dynamical matrix opera- tions. This is the rough equivalent of 10 5 molecular dynamics steps on a single protein unit of STNV. Table I lists the lowest five frequencies of vibration of STNV for each symmetry. The lowest frequency mode is 1:9 cm ÿ1 and of the H irrep. We expect that the low frequency modes are acoustic-like with large regions swaying in concert. To quantify this, we compute the participation number W e S for each mode. Here, S is the (information) entropy of the mode given by S ÿ P p i lnp i . The probabilities p i are the squared component of the normalized relative displacements for each atom/direction i, p i j i j 2 , where i / M ÿ1=2 e i . An eigenvector equally distributed over each atom (such as a translation) produces a participation number equal to the number of atoms in one unit of the virus, or 3324 for STNV. Most states have half or more of the total atoms participating. Low participation is a signal that the mode is not global. For example the A state at 4:2 cm ÿ1 with 142 atoms participating is found to be localized on the tail of the peptide string that is directed inward toward the center of the virus.
The only Raman active modes are A and H and only these will be sensitive to ISRS stimulation. The first A mode located at 2:4 cm ÿ1 corresponds to a expansion or contraction (breathing) of the virus. Figure 2 shows the displacement pattern of the breathing mode for several views. The next important A mode is at 6:1 cm ÿ1 and corresponds to a ''puckering'' about the C5 axis. Upon close examination of these two modes (2.4 and 6:1 cm ÿ1 ) we conclude that they are not uniform rotational or translational motion of rigid protein blocks. Instead they are closer to a gliding motion of the beta sheets over each other. The strongest Raman active H mode located at 4:1 cm ÿ1 is shown in Fig. 3 . Because of the complexity of the H modes, we illustrate only the center of mass motion of each peptide.
A NMA of STNV has not been previously studied, so a direct comparison of our results with other methods cannot be made. The major difference between our method and the ENM and RTB methods is in the size of the basis set used. In a study of Dialanine, van Vlijmen, and Karplus [7] demonstrate the effect of using a reduced basis set on the normal modes and frequencies. Their results show that the overlaps of eigenvectors calculated with a reduced basis and the full basis are around 60%.
Finally we calculate the combined Raman intensity of the viral A and H modes using a bond polarizability model (BP) [19] . The BP gives a semiquantitative picture of the relative Raman intensities by capturing the important sym- metries of the viral vibrations. We model the polarizability of each bond from parameters that will reasonably reflect most bonds, 0 k ÿ 0 ? =d 2 1:2, 2 0 ? 0 k =d 2 1:7, and k ÿ ? =d 3 0:5. Figure 4 shows the relative Raman intensities for the A modes (solid line) and the H modes (dashed line). The relative Raman intensity of the H modes are much stronger than the A modes, partially due to the fivefold degeneracy. Experiments to resonantly pump vibrations by Raman scattering (ISRS) will likely excite these the strongest.
We have demonstrated the minimization of an electronic structure based energy functional [Eq. (2)] provides a method for determining the low frequency vibrational modes of very large systems, such as viruses, atomistically. The method is iterative and requires the calculation of the dynamical matrix operating on a set of vectors. The resulting analysis of STNV modes shows a detailed, and fairly complex, picture of its low frequency mechanical vibrations. 
